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1.  THEORY 
  
 Coupled cell cavities for circular accelerators are composed by a sequence of λ/2 long 
cells operating in the π mode, in order to have the maximum accelerating efficiency for par-
ticles with β = 1. This is the case for the LEP-I room-temperature cavities (5 cells, magneti-
cally coupled) and for the LEP-II superconducting cavities (4 cells, electrically coupled). 
 To obtain a general formula for their acceleration efficiency on modes other than π and 
for β < 1, we can apply the equivalent circuit approach of Ref. [1] to a chain of N coupled 
oscillators, with the additional condition that the chain is terminated in two full cells tuned to 
allow the π mode (a detailed treatment is given in Appendix). Under such conditions, a 
general field parameter X in the oscillator n for the mode q can be written as: 











π ω   
with n=1,2,..,N oscillator index and q=1,2,..,N mode index. This relation corresponds to the 
classical mode pattern of a vibrating string. 








































 In particular, X n q( ) can be interpreted as the mean electric field in the cell n. Thus, 
assuming that a particle of charge e and relative velocity β travels through the chain of 
resonators oscillating in the mode q, its energy gain is: 
 
























with τ the time when the particle crosses the centre of resonator n, l the cell length, T(β) the 
transit time factor of a single cell, ϕ the phase between the beam and the RF wave, and θ the 
phase between the beam and the resonator chain. If the bandwidth of the coupled system is 
small enough, as is usually the case, we can take λq ≅ λ= 2l and the argument of the cosine in 
the above expression simplifies to πn/β. An additional simplification is given by taking ϕ = 0 
(the synchronous phase can be reintroduced later when calculating real accelerating 
efficiencies).  
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 Assuming that the energy stored in the modes (q) and (N) is the same (this corresponds 
to assuming that the excitation power is the same, being the Q values of all modes in a band 
nearly equal), we have that: 
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 This relation allows to eliminate the factor A q( ) from the efficiency formula, to obtain: 
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2. APPLICATION TO THE LEP-II SC CAVITIES 
  
 For the 4-cell LEP-II SC cavities, N = 4 and q = 1,2,3,4. T(β) can be approximately 
calculated assuming a sinus-like electric field distribution on axis, not far from reality given 
the large aperture of SC cavities, and introduced in (1). We obtain the curves of Fig. 1 for the 
acceleration efficiencies of the first 3 modes, in the case θ =1800: 










Fig.1 : Acceleration efficiency vs. β for the LEP-II cavity on modes 2π/4, 3π/4 and π. 
 
 For each mode there is an optimum beta, giving the highest acceleration efficiency, 
corresponding to multiples of βλ/2 between the cells where the field is higher. Efficiencies at 
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optimum go down at low β’s, mainly for the effect of the single cell transit time factor T(β). 
By changing the phase θ it is possible to further increase the beta range of efficient 
acceleration on modes other than π. Fig. 2 shows the acceleration efficiency of the 3π/4 mode 
for θ between 90° and 180°. 
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Fig. 2 : Acceleration efficiency of mode 3π/4 at beam input phases 900, 1350 and 1800. 
 
 A more precise calculation of the acceleration efficiency of the 3π/4 mode can be done 














Fig. 3 : LEP-II cavity electric field on axis for the mode 3π/4 (arbitrary units). 
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 For this mode, the field is high and of the same sign in the first and last cells. 
Acceleration occurs in those two cells at β’s such that their distance, 3λ/2, is a multiple of βλ, 
i.e. mβλ = 3λ/2. The lowest integer m satisfying this relation is m = 2, to which corresponds 
β = 0.75. For this β, the other two cells decelerate, but their field is much lower, and the net 
effect of the cavity is accelerating. The real field distribution of Fig. 3 and the equivalent for 
mode π can be used to calculate the relative acceleration efficiencies of Fig. 4. The agreement 
with the formula (1) is very good, the difference being mainly due to the approximated 
calculation of the transit time factor.  
 




























Fig.4 : Acceleration efficiency vs. β of LEP-II cavities from computed field on axis, for 
the first two modes (π and 3π/4). 
 
 The 3π/4 mode would be an excellent candidate for acceleration in the LEP-II cavities at 
beta between 0.65 and 0.85, offering in this range up to 50% of the efficiency for β = 1. The 
problem to be solved is that its frequency, on average only about 700 kHz below that of the π 
mode, is scattered inside a region of +/-100 kHz from one cavity to the other, beyond the 
tuning range that is only 50 kHz [2]. 
 
 
3. APPLICATION TO THE LEP-I CAVITIES 
 
 For the 5-cell LEP-I cavities, N = 5 and q = 1,2,3,4,5. Taking the T(β) calculated with 
SUPERFISH for a single cell of the LEP-I type, the formula (1) gives the efficiency curves of 
Fig. 5 for the first four modes (n = 5,4,3,2). 
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Fig. 5 : Acceleration Efficiency vs. β of LEP-I cavities, for the first four modes  
 
 
 Again, the range of efficient acceleration can be increased by changing the input phase 
θ. Figures 6 and 7 show the effect for the modes 4π/5 and 3π/5.  
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Fig. 6 : Acceleration Efficiency vs. β of LEP-I cavities, for mode 4π/5 and phases between 90° 
and 225°  
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 For the LEP-1 cavities, it should be technically feasible to decrease to 352.2 MHz the 
frequency of the 4π/5 mode (at 352.68 MHz) or of the 3π/5 mode (at 353.91 MHz). In this 
case, and changing again the input phase in order to stay always around the maxima of Fig.5, 
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MODES AND FIELD PATTERN IN A CHAIN OF COUPLED RESONATORS 
 
 From Ref. [1], the equivalent circuit of a chain of N coupled oscillators is described by 
the system of N equations (1). We consider for the moment that each resonator can have a 










        n=1,..,N  (1) 
 Here In is a general excitation term and Xn a general response term for the resonator n. 
The coupling between adjacent cells is represented by the term k. We assume here that the 
chain is closed at the two ends by two complete cells (and not half-cells, as in [1]), coupled 
only to one adjacent cell (X0 = XN+1 = 0). Let’s consider now that all the resonators are tuned 
to the same frequency, ω0, apart the two end ones, tuned to the slightly different frequency ωe 
in order to compensate for the different coupling contribution (Fig.1). We can assume In = 0, 
because we want to find the frequencies of self-oscillation for this chain of resonators and the 






Fig.8 : System of coupled oscillators with detuned end cells 
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         n=2,...,N-1     (2) 
 
 We can now impose that, among the N solutions, there is a pure π mode. Introducing in 





























while the first one gives a condition for the end cell frequencies (the approximate expression 
is valid for small values of k, as is usually the case): 
 ωe  ω0  ω0  ω0  ωe



















− = − ≅ +( ) ( ) ( ) . (3) 
  
 This is the condition that is usually realised in a chain of coupled resonators for particle 
acceleration, where the π-mode is used, as for example in the LEP-I or LEP-II coupled-cell 
accelerating cavities. The end cells are slightly different from the others, and are tuned in such 
a way as to have a pure π-mode. 
 It must be observed that in such a chain the 0-mode (field of the same sign in all the 
cells) is not allowed. If we consider Xi = 1 ∀ i, we get two equations that can be satisfied only 
if k = 0. 
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       n=2,...,N-1  (4) 
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as can be seen by substitution into (4). Expression (5) is the classical formula for the fre-
quencies of a coupled system, while some simple trigonometric calculations after substituting 
(6) into (4) show that the sinus-like solution is the only one satisfying (4). The 0 mode is 
forbidden, and the possible modes have a phase shift from cell to cell ∆φ = πq/N. For example, 
a chain with 4 cells, as the LEP-II cavity, will have the modes π/4, 2π/4, 3π/4 and π.  
We could have arrived to this solution in a simpler but less rigorous way, considering 
a waveguide of length L closed on two open beam pipes and excited in a TM mode. The 
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,        with     q=1,2,..∞ 
If we consider the waveguide as composed by N elements of length l (thus L=Nl), and 
we want to write a relation for the electric field at the centre of each element, i.e. for z = (n-












the same as (5). In this treatment we did not consider a coupled system, but a waveguide, that 
can be actually seen as a system of coupled cells with coupling k = 1. The coupling does not 
influence the field pattern of a given mode, but only its frequency. 
